Abstract
Introduction

20
The very first study in experimental evolution, led by W. D. Dallinger in the 1880s, attempted to demonstrate 21 that populations can rapidly adapt to environmental change and that evolutionary rescue of a population 22 from extinction depends on the rate of change (Dallinger, 1887) . Evolutionary rescue is the process by 23 also increases for phenotypically heterogeneous populations (i.e. population persistence increases) and this 87 increase depends non-monotonically on the phenotypic memory of the mutant allele, p. We provide a simple 88 intuition for the complex dependence of evolutionary rescue on the degree of phenotypic memory, and we 89 discuss the implications of our results for the eradication of evolving populations in medical contexts.
90
Model
91
We use a continuous-time Moran-type model to describe changes in allele numbers in a finite population of 92 changing size N , with carrying capacity K. Each individual's genotype is defined by a single biallelic locus
93
A/a, which controls its phenotype. The A allele encodes a fixed phenotypic value, whereas individuals with 94 the a allele may express a wider range of phenotypes, drawn from a fixed distribution.
95
We study two versions of the model. In the first version, the population, assumed to be initially fixed 96 for the wild-type non-plastic allele A, experiences a single abrupt change in the environmental regime. This 97 environmental shift is expected to lead to a demographic decline in the population, meaning that death 98 rates exceed birth rates for allele A. We ask what is the probability of evolutionary rescue if, at time 99 t = 0, a new mutant phenotypically-plastic allele a appears in the population? The phenotype of this one 100 initial mutant is assumed to be sampled randomly from the phenotypic distribution available to a. This 101 phenotypic distribution is chosen such that both alleles A and a have the same expected fitness, so that the 102 only difference between them is the possibility of (partly heritable) phenotypic variability. We analyze the 103 probability of rescue as a function of the phenotypic variance and the phenotypic memory associated with 104 the a allele.
105
In the second version of the model, we assume the same demographic setup (a population otherwise fixed 106 on the non-plastic A allele with one phenotypically-variable a mutant appearing at time t = 0); but here 107 we assume multiple epochs of environmental changes, occurring periodically. The question of persistence is 108 framed in terms of the mean time to extinction of the population, as a function of the environmental period, 109 the phenotypic variance and the phenotypic memory available to the a allele. In this case, the mapping from phenotype to fitness depends on the environmental regime, and it is chosen so that both alleles have the 111 same expected fitness across environments.
112 the probability of evolutionary rescue of a population otherwise headed towards extinction. We describe the 115 population using a continuous time birth-death model. Individuals of the wild type A and mutant type a 116 each give birth and die according to the following per-capita rates:
Birth rate
where Φ A and Φ a are random variables, N is the current population size, and K is the carrying capacity.
119
The death rates of the two alleles are both assumed to be equal to 1. in Figure 1A . In our analysis of this model we initiate the population at half its carrying capacity, N = K/2, 126 in a regime where the wild-type allele has a higher per-capita death rate than its maximum possible birth 127 rate, so that a wild-type population is expected to go extinct fairly quickly. We analyze the conditions under 128 which the mutant allele a will rescue the populations from extinction, and we compare this analysis with
129
Monte Carlo simulations in which we record the proportion of replicate simulations in which rescue occurs
130
(defined as the population reaching carrying capacity N = K).
131
Periodic environmental changes
132
In our analysis of periodic environmental changes we assume that the population experiences two different Birth rate in environment taken to be the identity function. We assume that both alleles have the same mean fitness in their preferred 150 environment, and the same mean fitness in their unpreferred environment:
. This condition also ensures that the average of two alleles' mean fitnesses, which
, is the same in both environments. The function 153 f 2 is defined as a reflection of f 1 around M : f 2 (x) = 2M − f 1 (x). As a result, the variance in fitness of allele 154 a with randomly drawn phenotype is the same in both environments:
155
These fitness functions describe a model in which each genotype has a preferred environment, but allele a
156
can express a range of phenotypes whereas allele A expresses only a single phenotype (see illustration in 157 Figure 1B ). The symmetry conditions we have imposed on phenotypic means allow us to focus our analysis 158 on the effects of phenotypic variation alone.
159
We study the possible long-term advantage of heritable phenotypic variability by analyzing how the 160 introduction of the a allele into an otherwise non-variable population (A) changes the population's probability 161 of rescue or mean times to extinction. We quantify how the probability of rescue or the time to extinction 162 depends on environmental factors, such as the environmental period 2n, on demographic factors, such as the In the case of a single environmental shock, we simulate until the population either goes extinct or achieves 170 evolutionary rescue (defined as the population reaching carrying capacity N = K). In the case of multiple 171 periodic environments, we simulate the process until extinction of the population.
172
We simulate the birth-death process in continuous time as follows. We sample the waiting time for an 173 event from an exponential distribution with rate parameter equal to the sum of all possible rates beginning 174 at time zero; we then randomly assign a specific event according to the relative probabilities of occurrence 175 of each event type (birth or death events) and update the population status, time, and all event rates.
176
If the event implemented is a birth we then determine the phenotypic state of the offspring as follows.
177
If the individual chosen to reproduce has genotype A, then the phenotypic state of the offspring always 178 equals its parent's (fixed) phenotypic value. For a reproducing individual with the a allele, however, there 179 exists a probability of phenotypic memory, denoted by the parameter p, between parent and offspring: with 180 probability p the offspring retains the phenotypic state of its parent, and with probability 1−p the offspring's 181 phenotype is drawn independently from the random variable Φ a . Thus, individuals of type a can express a 182 range of phenotypic values, and their phenotype is partly heritable between generations (provided p > 0). deterministic times: n, 2n, 3n, etc. Time is measured in units of an individual's expected lifetime -that is, 185 the death rate is set to unity for all individuals in all simulations.
186
Results
187
Evolutionary rescue from a single environmental change
188
After a single, abrupt environmental change, the probability of evolutionary rescue is significantly increased 189 when the population has access to phenotypic variability. To study a simple version of this problem within 190 the context of our model we assume that the a allele has access to two different phenotypic states: Φ a,− and
(In other words, we assume the random variable Φ a consists of two point 192 masses.) The probability of rescue depends critically on whether the plastic mutant a is initially introduced 193 with its beneficial or its deleterious phenotype -that is, whether its birth rate is initially larger or smaller 194 than its death rate.
195
When the a allele is introduced with a beneficial phenotype Φ a,+ , its birth rate exceeds its death rate, and 196 there is some chance that the population will be rescued from extinction. The population will be rescued, by 197 definition, if the a lineage manages to become established (Uecker and Hermisson, 2011). As shown in Figure   198 2A, the chance of evolutionary rescue increases monotonically with the strength of phenotypic memory, p. When the a allele is introduced with a deleterious phenotype Φ a,− , whose birth rate is smaller than its 207 death rate, there is still the possibility of evolutionary rescue, because the phenotype of type-a individuals 208 may change between generations. In this case, Figure 2B shows that the probability of evolutionary rescue 209 depends non-monotonically on the strength of phenotypic memory p. There is simple intuition for this 210 result as well, and it is informed by our mathematical analysis below. Intuitively, the probability of rescue 211 in this case is the product of the probability that some a-type individual produces an offspring with the 212 beneficial phenotype, Φ a,+ , before the a-lineage is lost, times the probability of rescue associated with such 213 an individual with phenotype Φ a,+ . Therefore, rescue is facilitated as the strength of phenotypic memory 214 increases above zero (this effect is driven by the increase in the probability of rescue once an individual of 215 phenotype Φ a,+ arises); but as the phenotypic memory increases further, towards one, the probability of 216 rescue is reduced, because the entire a lineage will likely go extinct before producing any individual with a 217 beneficial phenotype.
218
To provide a clear analysis of the intuitions described above, we first derive the probability of rescue, P r (a + ), when the a mutation is introduced with the beneficial phenotype Φ a,+ . To do so, we compute an effective selection coefficient of the entire, phenotypically variable a lineage, by assuming that the two phenotypes within the a lineage quickly reach mutation-selection balance. Given "mutation" rate µ = 1−p 2 between the two phenotypes, at equilibrium, the frequency of phenotype Φ a,+ within the a-lineage is given by f a,+ :
We then compute the effective birth rate of the a lineage
If the effective birth rate s a is lower than the death rate, then there is zero probability of rescue, as all 220 individuals of either wild or mutant type are expected to leave fewer than one offspring per lifetime. But 221 when the effective birth rate s a of the a lineage exceeds its death rate (unity), then the probability of rescue population, which increases monotonically with time and, as t − → ∞, asymptotes to
according to equation ( Probability of rescue starting with one copy of allele a with phenotype Φ a,+ , in an otherwise wild-type A population. Panel B: Probability of rescue starting with one copy of allele a with phenotype Φ a,− , in an otherwise wild-type population. All populations are initiated at half carrying capacity, N = K/2 = 2, 500, and E(Φ A ) = E(Φ a ) = 0.95.
Conversely, when the a mutation is introduced with its deleterious phenotypic state, Φ a,− , we derive an 232 approximation for the probability of rescue P r (a − ) as the probability of at least one phenotypic mutation to 233 Φ a,+ before the loss of the a allele, multiplied by P r (a + ). In other words, if we let η denote the event that 234 there is at least one phenotypic mutation within the a-lineage before its loss, then we will approximate the 235 probability of rescue
We need only derive an expression for P(η). Note that frequency of a deleterious allele with selection 237 coefficient −s, introduced in one copy, is expected to decay e −st , and so the probability that no mutation 238 occurs before its loss is e 
240
As a result we obtain
where s = Φ A − Φ a,− .
242
Finally, the probability of rescue when the a allele is introduced with random phenotype can be approx-243 imated as: Figure 3A shows the mean time to extinction as a function of the phenotypic memory, for a range of 253 environmental periods n. In all these cases, a population comprised of only the non-plastic wild-type allele
254
A goes extinct quickly (cf. Supplementary Figure S1 ). But populations initiated with a single copy of Figure S1 ). This occurs because long stretches of the environmental regime deleterious to the A allele the other hand, too much phenotypic memory is detrimental in the long-run, because once the environment 268 shifts, the a lineage will be "stuck" with a deleterious phenotype. Moreover, regardless of the phenotypic 269 memory, the duration of persistence always increases with the variance in phenotypes that a can express,
270
Var(Φ a ) ( Figure 3B ) -that is, the population can persist longer when the plastic allele has access to a 271 larger phenotypic range. Periodic environments: duration in one environment, n Time to extinction (in generations) Figure S1 : Mean time to population extinction for populations fixed on the wild-type A. Here f 1 (Φ A ) = 0.5, f 2 (Φ A ) = 1.5 and the carrying capacity is K = 1, 000.
